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FINITELY STABLE RACKS AND RACK
REPRESENTATIONS
MOHAMED ELHAMDADI AND EL-KAÏOUM M. MOUTUOU
Abstract. We define a new class of racks, called finitely stable racks,
which, to some extent, share various flavors with Abelian groups. Char-
acterization of finitely stable Alexander quandles is established. Fur-
ther, we study twisted rack dynamical systems, construct their cross-
products, and introduce representation theory of racks and quandles.
We prove several results on the strong representations of finite connected
involutive racks analogous to the properties of finite Abelian groups. Fi-
nally, we define the Pontryagin dual of a rack as an Abelian group which,
in the finite involutive connected case, coincides with the set of its strong
irreducible representations.
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1. Introduction
Racks and quandles were introduced independently in the 1980s by Joyce
and Matveev [6,7] mainly in order to provide algebraic machineries in con-
structing invariants of knots and links. Racks are sets equipped with non-
associative structures which, to some extent, share much with the theory of
groups, Hopf algebras, Lie algebras, etc. More precisely, a rack is a set X
equipped with a binary operation
X× X ∋ (x, y) 7−→ x ⊳ y ∈ X
which is bijective with respect to the left variable and satisfying
(x ⊳ y) ⊳ z = (x ⊳ z) ⊳ (y ⊳ z)
for all x, y, z ∈ X. If in addition x⊳x = x for each x ∈ X, then (X, ⊳) is called
a quandle. A rack or a quandle X is trivial if x⊳y = x for all x, y ∈ X. Unless
1
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otherwise specified, all our racks and quandles will be assumed nontrivial.
The most natural quandles are the conjugation and the core quandles of a
group. Specifically, let G be a group. Its conjugation quandle Conj(G) is
the set G together with the operation g ⊳h := hgh−1, while its core quandle
Core(G) is the set G equipped with the operation g ⊳ h := hg−1h. We refer
to [3, 6, 7] for more details about racks and quandles.
In this paper we treat racks and quandles purely as algebraic objects
on their own right rather than by their connections with knot theory. We
introduce and investigate several new notions and algebraic properties in
the category of racks. In [2] we defined a stabilizer in a rack X to be an
element u ∈ X such that x ⊳ u = x for all x ∈ X. For example, given a
group G, the stabilizers of Conj(G) are exactly the elements of the center
Z(G) of G. On the other hand, the associated core quandle of G has no
stabilizers if G has no non-trivial 2–torsions. This observation suggests that
the property of having stabilizers is too strong to capture the identity and
center of a group in the category of racks and quandles. We have weakened
this property by introducing the notion of stabilizing families in a rack. A
finite subset {u1, . . . , un} of a rack X is a stabilizing family of order n for X if
(· · · (x⊳u1)⊳· · · )⊳un = x, for all x ∈ X. If such a family exists, X is said to be
finitely stable or n–stable. The (possibly empty) set of all stabilizing families
of order n is denoted by Sn(X). Let, for instance, {x1, . . . , xk} be a finite
subset of a group G. Then we get a stabilizing family of order 2k for Core(G)
by duplicating each element in the first set; i.e., {x1, x1, x2, x2, . . . , xk, xk} is
a stabilizing family of order 2k. It follows that Core(G) is 2k–stable, for
all k ≤ |G| (cf. Proposition 2.7). However, for the odd case, we have the
following (cf.Theorem 2.8) result
Let G be a group. Then Core(G) is (2k + 1)–stable if and only if G is iso-
morphic to a direct sum ⊕IZ2 of the cyclic group of order 2.
We have paid attention to the interesting class of Alexander quandles and
established a general criterion for them to be finitely stable. Recall [1, 6]
that given a group Γ and a Z[Γ ]–module M, each γ ∈ Γ provides M with
the quandle structure ⊳γ defined by x ⊳γ y := (x − y) · γ + y, x, y ∈ M.
For all non-negative integer n and each γ ∈ Γ , let Fγ : M
n
−→ M be the
function given by Fγ(x1, . . . , xn) :=
∑n
i=1 xi · γ
n−i. Then we have following
result (Theorem 3.1)
The quandle (M, ⊳γ) is n–stable if and only if γ is an n–torsion. Further-
more, Sn(M) is the abelian group of all solutions of the equation
Fγ(x1, . . . , xn) = 0.
We have extended the notion of dynamical cocycles introduced in [1] to
that of twisted rack dynamical systems, which are triples (Q,X, ∂) where
X and Q are racks, together with an action by rack automorphisms of X
on Q, and a family {∂x,y}X×X of functions Q × Q −→ Q satisfying some
compatibily conditions with respect to the rack structure of X. When the
maps ∂x,y happen to be rack structures on Q, we say that (Q,∂x,y)X is an
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X–bundle of racks. In particular, for a given group G, G–families of quan-
dles studied in [5, 8] are special cases of bundles of racks. Associated to a
twisted rack dynamical system (Q,X, ∂) there is a rack Q ⋊∂ X, its cross–
product, which is the Cartesian product Q×X equipped with the operation
(p, x) ⊳∂ (q, y) := (∂x,y(p, q), x ⊳ y).
Further, elements of rack representation theory are introduced and gen-
eral properties are established. Specifically, we showed the analogues of the
Schur’s lemma for racks and quandles, and proved that (cf. Theorem 9.11)
Every strong irreducible representation of a finite connected involutive rack
is one–dimensional.
Finally, an analogous notion of the Pontryagin dual is defined for racks.
The Pontryagin dual of a rack X, denoted by DqX, is an Abelian group; in
fact it is a finite copies of the unitary group U(1).
The article is organized as follows. In section 2, we introduce the concept
of finitely stable racks which presents itself as an appropriate analogue of
"Abelianity" in the category of racks and quandles. We show the existence of
non-trivial stabilizing families for the core quandle Core(G) and characterize
stabilizing families for the Congφ quandle where φ is an automorphism of
G. In section 3, we give necessary and sufficient conditions for Alexander
quandles to be finitely stable, and provide a general algorithm to construct
stabilizing families. We introduce and study in Section 4 the n-pivot of
a group as a generalization of the n-core defined by Joyce, approximate
units in section 5, twisted rack dynamical systems and their cross-products
in Section 6, and X–bundles in section 7. Section 8 presents elements of
representation theory of racks and quandles. Section 9 is mainly devoted to
strong irreducible representations of finite connected involutive racks, and
in Section 10 we define characters of a rack and duality.
2. Finitely stable racks
Throughout, we will use the following notations: if u1, ..., un are elements
in the rack X, then for x ∈ X we will write
x ⊳ (ui)
n
i=1 := (· · · (x ⊳ u1) ⊳ · · · ) ⊳ un.
In particular, if ui = u for all i = 1, ..., n, then we will write x ⊳
n u for
x ⊳ (u)ni=1.
Recall from [2] that a stabilizer in the rack X is an element u ∈ X such
that x ⊳ u = x for all x ∈ X. This notion can be generalised as follow.
Definition 2.1. Let X be a rack or quandle.
(1) A stabilizing family of order n for X is a finite subset {ui, i = 1, . . . , n}
of X such that
x ⊳ (ui)
n
i=1 = x,
for all x ∈ X. In other words, RunRun−1 · · ·Ru1 = IdX.
(2) An n–stabilzer of X is a stabilizing family of order n of the type
{u}ni=1.
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(3) For any positive integer n, we define the n–center of X, denoted by
Sn(X), to be the (possibly empty) collection of all stabilizing families
of order n for X.
(4) The collection
S(X) :=
⋃
n∈N
Sn(X)
of all stabilizing families for X is called the center of the rack X.
Lemma 2.2. Let X be a rack and {ui}
n
i=1 ∈ S
n(X). Let σ be an element in
the symmetric group Sn. Then {uσ(i)}
n
i=1 ∈ S
n(X) if σ is an element of the
cyclic group of order n generated by the permutation
(
2 . . . n 1
)
.
Proof. Straightforward. 
Definition 2.3. A rack X is said to be finitely stable if S(X) is non-empty.
It will be called n–stable if it has a stabilizing family of order n.
Remark 2.4. Notice that any stabilizer u in X is obviously a 1–stabilizer.
Moreover, if in particular every element of X is an n–stabilzer, then we
recover the definition of an n–quandle of Joyce [6] (see also [4]).
Example 2.5. Any finite rack X is finitely stable since the symmetric group
of X is finite.
We will see later that a rack might have only stabilizing families of higher
orders.
Example 2.6. Consider the real line R with the usual rack structure
x ⊳ y = 2y − x, x, y ∈ R.
Given any family {x1, . . . , xn} of real numbers we get the formula
t ⊳ (xi)
n
i=1 = 2
n−1∑
i=0
(−1)ixn−i + (−1)
nt, ∀t ∈ R.
We then form the stabilizing family {u1, · · · , u2n} of order 2n by setting
u2i−1 = xi = u2i, i = 1, ..., n.
Hence, R admits an infinitely many stabilizing families of even orders.
Similar construction as above can easily be done for the core quandle of
any group. Precisely, we have the following.
Proposition 2.7. Let G be a non-trivial group. Then for all even natural
number 2k ≤ |G|, there exists a non-trivial stabilizing family of order 2k for
the core quandle Core(G). In particular, if G is infinite, Core(G) admits
infinitely many stabilizing families.
Proof. Recall that Core(G) is G as a set with the quandle structure defined
by
g ⊳ h = hg−1h, g, h ∈ G.
Thus (g ⊳ h1) ⊳ h2 = h2h
−1
1 gh
−1
1 h2, and more generally
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g ⊳ (hi)
n
i=1 =
n−1∏
i=0
h
(−1)i
n−i g
(−1)n
n∏
j=1
h
(−1)n−j
j (1)
Then for any subset {x1, . . . , xn} ⊂ X of length n, the family
{x1, x1, x2, x2, . . . , xn, xn}
is a stabilizing family of order 2n for the core quandle Core(G).

We moreover have the following complete characterization for groups
whose core quandle have stabilizing families of odd order.
Theorem 2.8. Let G be a group. The core quandle of G is (2k+1)–stable if
and only if all elements of G are 2–torsions; in other words G is isomorphic
to
⊕
i∈I Z2, for a certain finite or infinite set I.
Proof. If {ui}i ∈ S
2k+1(Core(G)), then is is easy to see that equation (1)
implies that the inversion map g 7→ g−1 in G is an inner automorphism,
therefore G is abelian. Now, since G is an abelian group, then (1) applied
to the family {ui}
2k+1
i=1 gives
g ⊳ (ui)i = 2
2k∑
i=0
(−1)ih2k+1−i − g = g, ∀g ∈ G; (2)
which implies in particular that
2
2k∑
i=0
(−1)iu2k+1−i = 0,
therefore 2g = 0,∀g ∈ G.
Conversely, if all elements of G are of order 2, then it is obvious each
element of G is a stabilizer of Core(G), hence Core(G) is 1–stable. 
Assume f : X −→ Y is a rack homomorphism; i.e., f(x ⊳ y) = f(x) ⊳ f(y)
for all x, y ∈ X. If {ui}
s
i=1 ∈ S(X), then {f(ui)}
s
i=1 is a stabilizing family of
Im(f) which is a subrack of Y. In particular, if f is onto and if X is finitely
stable, then Y is finitely stable.
3. Stable Alexander quandles
In this section we are giving necessary and sufficient conditions for Alexan-
der quandles to be stable, and provide a general algorithm to construct
stabilizing families. More precisely, we are proving the following result.
Theorem 3.1. Let Γ be a group, and let M be a right Z[Γ ]–module. For
each non-trivial γ ∈ Γ , define the (Alexander) quandle structure on M given
by
x ⊳γ y := (x− y) · γ+ y, x, y ∈M.
For n ∈ N, let Fγ : M
n
−→M be the function defined by
Fγ(x1, . . . , xn) =
n∑
i=1
xi · γ
n−i.
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Then (M, ⊳γ) is n–stable if and only if γ is of order n. Furthermore, if this
condition is satisfied, Sn(M) is exactly the linear space of all solutions of
the equation
Fγ(x1, . . . , xn) = 0. (3)
Instead of proving directly the theorem, we are going to prove a more
general result. But first let us give a few consequences.
Corollary 3.2. Let V be a complex vector space equipped with the Alexander
quandle structure given by
x ⊳ y = αx+ βy, x, y ∈ V,
where α 6= 0, α 6= 1, and β are fixed scalars such that α + β = 1. Then
V admits a stabilizing family {ui}
n
i=1 of order n if and only if the following
hold:
(i) α is an nth root of unity;
(ii) there exists an integer 0 < l < n, such that
∑n
k=1 e
− 2ipikl
n uk = 0.
Proof. Consider the multiplicative group C× and think of the complex vector
space V as a Z[C×]–module. Then Theorem 3.1 applies. 
Corollary 3.3. Let V be a vector space equipped with the quandle structure
as above. Then, for all n ∈ N such that α is an nth root of unity, each
u ∈ V is an n–stabilizer. In other words, V is an n–quandle..
The following example shows that a quandle may have no stabilizing
family at all.
Example 3.4. Let V be a vector space equipped with the quandle structure
x ⊳ y = (x+ y)/2.
Then S(V) = ∅
Definition 3.5. Let G be a group and ϕ be an automorphism of G, we
define the ϕ-conjugate of G, denoted by Conjϕ(G), to the set G with the
quandle operation being
g ⊳ h := hϕ(g)ϕ(h−1), ∀g, h ∈ G.
In particular, if ϕ is the identity map of G, Conjid(G) is the usual con-
jugate quandle Conj(G); i.e., the quandle operation is given by
g ⊳ h := hgh−1, h, g,∈ G.
Proposition 3.6. Let G and ϕ be as above. Then Conjϕ(G) is finitely
stable if and only if there exists an integer n such that ϕn is an inner
automorphism. Furthermore, {ui}
n
i=1 ∈ S
n(Conjϕ(G)) if and only if
ϕn = Adunϕ(un−1)···ϕn−1(u1). (4)
Proof. Suppose that Conjϕ(G) is n–stable and {ui}i ∈ S
n(Conjϕ(G)). Then
for all g ∈ G, we have
g ⊳ (ui) =
[∏n−1
i=0 ϕ
i(un−i)
]
ϕn(g)
[∏n−1
i=0 ϕ
n−i(ui+1)
−1
]
= g
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so that ϕn(g) = Ad∏n−1
i=0 ϕ
i(un−i)
(g); therefore ϕn is an inner automorphism.
Conversely, if ϕn = Adu for some u ∈ G, then it is clear that the family
{1, . . . , 1, u} is in Sn(Conjϕ(G)). 
As a consequence we have the following.
Corollary 3.7. For any group G, the conjugation quandle Conj(G) is n–
stable for all n ≤ 1.
We shall note that the abelian case is related to the torsion in the auto-
morphism group as shown by the following.
Proposition 3.8. Let G be a non-trivial abelian group and ϕ an automor-
phism of G. Define the quandle Gϕ as the set G together with the operation
g ⊳ h = ϕ(g) + (id−ϕ)(h), g, h ∈ G.
Then the following are equivalent.
(i) Gϕ is finitely stable.
(ii) ϕ is a torsion element of Aut(G), the automorphism group of G.
Proof. For all finite subset {ui}
n
i=1 of G, and every g ∈ G, we have
g ⊳ (ui)
n
i=1 = ϕ
n(g) + (id−ϕ)
n∑
i=1
ϕn−i(ui).
It follows that {ui}
n
i=1 is a stabilizing family of order n for Gϕ if and only if∑n
i=1ϕ
−i(ui) = 0 and ϕ
n = id. 
4. The n-pivot of a group
Let G be a group and n a positive integer. The n–core of G was defined by
Joyce in his thesis [6] as the subset of the Cartesian product Gn consisting
of all tuples (x1, . . . , xn) such that x1 · · · xn = 1. Moreover, the n-core of G
has a natural quandle structure defined by the formula
(x1, . . . , xn) ⊳ (y1, . . . , yn) := (y
−1
n xny1, y
−1
1 x1y2, . . . , y
−1
n−1xn−1yn) (5)
In this section we define n-pivot of a group as a generalisation of the
n-core and investigate its relationship with the center of racks.
Definition 4.1. Let G be a group. For n ∈ N, we define the n-pivot of G
to be the subset of Gn given by
Pn(G) = {(x1, . . . , xn) ∈ G
n | x1 · · · xn ∈ Z(G)},
where, as usual Z(G) is the center of G.
It is straightforward to see that the formula (5) defines a quandle structure
on Pn(G).
Moreover, we have the following result.
Proposition 4.2. Let G be a non-trivial group. Then for all n ∈ N, there
is a bijection
Sn(Cong(G)) ∼= Pn(G).
In particular, Sn(Conj(G)) is naturally equipped with a quandle structure.
Furthermore, if G has a trivial center, then S2(Cong(G)) = Core(G).
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Proof. We have already noticed that Conj(G) = Conjid(G). It follows from
Proposition 3.6 that {ui}
n
i=1 ∈ S
n(Conj(G)) if and only if
id = Adun···u1 ,
which is equivalent to (u1, . . . , un) ∈ P
n(G); hence the bijection
Sn(Conj(G)) ∼= Pn(G).
Next, if G has trivial center of G, then for all n ≥ 2, Sn(Conj(G)) coincides
with the n–core of G. In particular we have S2(Cong(G)) = Core(G). 
5. Rack actions and approximate units
In this section we give a more elaborated definition of rack actions and
investigate some of their properties. Recall that (see for instance [2]) a rack
action of a rack X on a space M consists of a map M × X ∋ (m,x) 7−→
m · x ∈M such that
(i) for all x ∈ X, the induced map M ∋ m 7−→ m · x ∈M is a bijection;
and
(ii) for all m ∈M,x, y ∈ X we have
(m · x) · y = (m · y) · (x ⊳ y). (6)
If {xi}
s
i=1 is a family of elements in X, we will write m · (xi)i for
(· · · (m · x1) · · · · ) · xs.
In this work, we require two additional axioms that generalize in an ap-
propriate way the concept of group action. Precisely we give the following.
Definition 5.1. An action of the rack (X, ⊳) on the space M consists of a
map M × X ∋ (m,x) 7−→ m · x ∈ M satisfying equation (6) and such that
for all {u1, . . . , us} ∈ S(X),
m · (ui)i = m · (uσ(i))i, ∀m ∈M, (7)
for all cycle σ in the subgroup of Sn generated by the cycle (2 . . . n 1)
Here we should illustrate this definition; especially the following example
gives the main motivation behind the first axiom.
Example 5.2. Let G be a group acting (on the right) on a spaceM. We then
get a rack action of Conj(G) on M by setting m · g := mg−1. It is easy to
check that for all {gi}i ∈ P
n(G), we have
m · (gi)i = m · (gσ(i))i,
for all m ∈M and σ in the subgroup generated by the cycle (2 . . . n 1)
Note however that a rack action of Conj(G) does not necessarily define a
group action of G.
Lemma 5.3. Let X be a finitely stable rack acting on a set M. Then for
any stabilizing family {ui}
s
i=1, we have
(m · x) · (ui)i = (m · (ui)i) · x,
for all m ∈M,x ∈ X.
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Proof. It is easy to verify that, thanks to (6), for all finite subset {xi}i ⊂ X,
we have
(m · x) · (xi)i = (m · (xi)i) · (x ⊳ (xi)i), (8)
for all m ∈M,x ∈ X. The result is therefore obvious if we take a stabilizing
family {ui}i. 
Definition 5.4. Let X be a rack acting on an non-empty setM. For {xi}
s
i=1 ∈
X, we define
(i) the orbit of {xi}i as
M · (xi)i = {m · (xi)
s
i=1 | m ∈M}.
(ii) the fibre of M at {xi}i to be
M{xi}i = {m ∈M | m · (xi)i = m} ⊂M · x.
Definition 5.5. Let X and M be as above. For m ∈ M, we define the
stabilizer of m to be
X[m] = {x ∈ X | m · x = m}
The following is straightforward.
Lemma 5.6. Let X and M be as above. Then, all stabilizers are subracks
of X.
Definition 5.7. A rack action of X on an nonempty set M is faithful if for
each m ∈M, the map X ∋ x 7−→ m · x ∈M is one-to-one.
Lemma 5.8. Let X be a nonempty set. A rack structure ⊳ on X is trivial
if and only if (X, ⊳) acts faithfully on a nonempty set M and the action
satisfies (m · x) · y = (m · y) · x for all x, y ∈ X,m ∈M.
Proof. If X acts faithfully on a nonempty set M and (m · x) · y = (m · y) · x,
then
(m · x) · y = (m · y) · x = (m · x) · (y ⊳ x), ∀x, y ∈ X,m ∈M;
therefore, by faithfulness, y ⊳x = y for all x, y ∈ X, hence the rack structure
is trivial. Conversely, suppose the rack structure on X is trivial X. Then
one defines a faithful rack action of X on the set CX of all complex-valued
continuous functions α : X −→ C by setting
α · x := α+ δx, α ∈ C, x ∈ X.
where, as usual, δx is the characteristic function of x. 
Definition 5.9. Let X be a rack acting on a non-empty set M.
(i) An approximate unit for the rack action is a finite subset {ti}
r
i=1 ⊂ X
such that m · (ti)i = m for all m ∈M.
(ii) An element t ∈ X is an r–unit for the rack action if the family {t}ri=1
is an approximate unit for the rack action.
(iii) The rack action of X on M is called r–periodic if each t ∈ X is an
r–unit for the rack action.
(iv) A rack action is said to be strong if every stabilizing family of the
rack is an approximate unit.
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Example 5.10. Let (X, ⊳) be a rack. Then we get a rack action of X on its
underlying set by defining m · x := m ⊳ x, m, x ∈ X. It is immediate that
a finite subset {ti}i ⊂ X is an approximate unit for this rack action if and
only if it is a stabilizing family for the rack structure, hence it is a strong
action. Furthermore, this action is r–periodic if and only if X is an r–rack
in the sense of Joyce [6].
Lemma 5.11. Let X be a finite rack acting strongly on the set M. Let x ∈ X
be of order k in X. Then, every element m · (xi)
r
i=1, where x appears k times
in the sequence x1, . . . , xr, can be written as m · (yj)
r−k
j=1 .
Proof. Since X is finite, every element x ∈ X has a finite order; that is there
exists k such that x is a k–stabilizer for X, hence since the action is strong,
m ·k x = m for all m ∈ M. Now the result follows by applying (6) to
m · (xi)
r
i=1 repeatedly until the x’s appear next to each other. 
6. Twisted actions and rack cross-products
In this section we examine the case of rack actions on racks. This gener-
alizes the construction of extensions of racks using the notion of dynamical
cocycles [1]. Specifically, let X and Q be racks whose rack structures are
indistinguishably denoted by ⊳. A rack action Q× X ∋ (p, x) 7−→ p · x ∈ Q
is called an X-action by rack automorphisms on Q if for each x ∈ X, the
induced bijection
Q ∋ p 7−→ p · x ∈ Q
is a rack automorphism of Q.
Throughout, given two sets A and B, F(A,B) will denote the set of all
maps from A to B.
Definition 6.1. Let X be a rack acting by automorphisms on the rack Q.
An X–cocycle on Q is a map
∂ : X× X −→ F(Q×Q,Q)
(x, y) 7−→ ∂x,y
such that
(i) for each x, y ∈ X and each q ∈ Q, the induced map
∂x,y(−, q) : Q ∋ p 7−→ ∂x,y(p, q) ∈ Q
is a rack automorphism;
(ii) (Equivariance) for all x, y ∈ X and p, q ∈ Q, we have
∂x,y(p · t, q) = ∂x,y(p, q) · (t ⊳ y), (9)
for all t ∈ X;
(iii) (Cocycle condition) for all x, y, z ∈ X and all p, q, r ∈ Q, the follow-
ing relation holds
∂x⊳y,z(∂x,y(p, q), r) = ∂x⊳z,y⊳z(∂x,z(p, r), ∂y,z(q, r)). (10)
Definition 6.2. Let X be a rack. A twisted X–action on a rack Q is a rack
action of X by automorphisms on Q together with an X–cocycle on Q. The
triple (Q,X, ∂) will be called a twisted rack dynamical system.
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We shall notice that the idea of extension by dynamical cocycle introduced
by Andruskiewitsch and Graña in [1] is a special case of a twisted dynamical
system in our sense. Indeed, when Q is endowed with the trivial rack struc-
ture (i.e., p ⊳ q = p), and the trivial X–action, then relation (9) is trivially
satisfied.
Example 6.3. If X acts by rack automorphism on the rack Q, then define
the map ∂ : X× X −→ F(Q×Q,Q) by
∂x,y(p, q) := p · y, for p, q ∈ Q.
It is easy to check that (Q,X, ∂) is a twisted rack dynamical system.
Definition 6.4. Let (Q,X, ∂) be a twisted rack dynamical system. The rack
cross-product Q ⋊∂ X of Q by X is the Cartesian product Q × X together
with the binary operation
(p, x) ⊳∂ (q, y) = (∂x,y(p, q), x ⊳ y), (11)
for (p, x), (q, y) ∈ Q× X.
Lemma 6.5. Let X and Q be as above. Then, together with the opera-
tion (11), Q⋊∂ X is a rack.
Proof. Left to the reader. 
One can easily verify that given a twisted rack dynamical system (Q,X, ∂),
if the cross-product Q ⋊∂ X is finitely stable, then so is X, but Q may not
be so. Precisely, we have the following
Proposition 6.6. Let (Q,X, ∂) be a twisted rack dynamical system. Then,
the rack cross-product Q ⋊∂ X is finitely stable if and only if there exists a
finite family (ξi, ti)
n
i=1 of elements in Q×X such that {ti}i ∈ S(X) and such
that the function
p 7−→ ∂x⊳(ti)n−1i=1 ,tn(∂x⊳(ti)n−2i=1 ,tn−1(. . . (∂x⊳t1,t2(∂x,t1(p, ξ1), ξ2)) . . .), ξn),
is the identity function on Q, for all x ∈ X.
Example 6.7. Let (H, pi) be a representation of a finite group G with non-
trivial center. Denote ξg := pig(ξ) for ξ ∈ H, g ∈ G. Equip H with the
quandle structure ξ ⊳ η := ξ+η2 . Then Conj(G) acts by rack automorphisms
on H under the operation ξ · g := ξg−1.
Fix a non-zero vector v0 ∈ H, and let ζ0 :=
1
#G
∑
g∈G v0g. Then ζ0 ·h = ζ0
for all h ∈ G. Let t 6= 1 be a solution of x3 − 1 = 0 in C, and for g, h ∈ G,
let ∂g,h : H×H −→ H be the function given by
∂g,h(ξ, η) := t · ξh
−1 + (1− t)ζ0, ξ, η ∈ H.
One can verify that the triple (H, Conj(G), ∂) satisfies all the axioms of
a twisted rack dynamical system. Furthermore, H ⋊∂ Cong(G) is finitely
stable; although H is not finitely stable, thanks to Theorem 3.1. To see this,
let g1, g2 ∈ Z(G) and g3 = (g1g2)
−1, so that (g1, g2, g3) ∈ S
3(Conj(G)). Let
η1, η2, η3 in H. Then for all g ∈ G, we get
∂(g⊳g1)⊳g2,g3(∂g⊳g1,g2(∂g,g1(ξ, η1), η2), η3) = ξ+ (1− t)(t
2 + t+ 1)ζ0
= ξ
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for all ξ ∈ H; which implies that (ηi, gi)i ∈ S
3(H⋊∂ Conj(G)).
As a consequence of the above proposition, we have
Corollary 6.8. Let X be a rack acting by rack automorphisms on the rack Q.
Let Q be equipped with the X-cocycle ∂ of Example 6.3 (i.e. ∂x,y(p, q) = p·y).
Then Q ⋊∂ X is finitely stable if and only if there exists {ti}i ∈ S(X) which
is an approximate unit for the rack action of X on Q.
Example 6.9. Recall from [2] that a left ideal in a rack X is subrack T of
X such that T ⊳ X ⊆ T . Let T be such a left ideal. Then the operation
T × X ∋ (t, x) 7−→ t ⊳ x ∈ T defines an action of X by rack automorphisms
on T . Let ∂x,y(t, s) := t ⊳ y. Then the cross-product T ⋊∂ X is finitely stable
if and only if X is.
7. X–bundle of racks
In this section we examine the case of families of rack structures on a
set parametrized by a given rack. More specifically, we introduce bundles
of racks which are generalization of the notion of G–families of quandles as
defined in [5, 8].
Definition 7.1. Let X be a rack. An X–bundle of racks (A, ⋆yx)x,y∈X consists
of a set A, and a family of racks structures ⋆yx on A such that
(a ⋆yx b) ⋆
z
x⊳y c = (a ⋆
z
x c) ⋆
y⊳z
x⊳z (b ⋆
z
y c), (12)
for all a, b, c ∈ A and all x, y, z ∈ X.
Lemma 7.2. Let (Q,X, ∂) be a twisted rack dynamical system. Then the
family (Q,∂x,y(−,−))x,y∈X is an X–bundle of racks if and only if for all
x, y ∈ X we have
∂x,y(∂x,y(p, q), r) = ∂x,y(∂x,y(p, r), ∂x,y(q, r)),∀p, q, r ∈ Q. (13)
Proof. The identity (13) means that the operation p⋆yxq := ∂x,y(p, q) defined
on Q is distributive. Moreover, the invertibility of the right multiplication
− ⋆yx q : Q ∋ p 7−→ p ⋆yx q ∈ Q
is automatic from Definition 6.1. Also, notice that equation (12) is satisfied
through (10). 
Definition 7.3. Let X and Y be racks, and (A, ⋆yx)x,y∈X be an X–bundle
of racks. For any rack morphism f : Y −→ X, we define the pull-back
of (A, ⋆yx)x,y∈X, denoted by (f
∗A, ⋆vu)u,v∈Y as the set A equipped with the
family of binary operations ⋆vu, u, v ∈ Y,
a ⋆vu b := a ⋆
f(v)
f(u)
b, u, v ∈ Y, a, b ∈ A.
Lemma 7.4. Let X, Y, (A, ⋆yx)x,y∈X, and f : X −→ Y be as above. Then the
pull-back (f∗A, ⋆vu)u,v∈Y is a Y–bundle of racks.
As we already mentioned in the beginning of the section, G–families of
quandles are special cases of our bundles of racks. Specifically we have the
following example.
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Example 7.5. Recall from [5] that given a group G, a G–family of quandles is
a non-empty set X together with a family of quandle structures ⊳g, indexed
by G, on X, satisfying the following equations:
• x ⊳gh y = (x ⊳g y) ⊳h y, and x ⊳e y = y, for all x, y ∈ X, g, h ∈ G;
• (x ⊳g y) ⊳h z = (x ⊳h z) ⊳h
−1gh (y ⊳h z), for all x, y, z ∈ X, g, h ∈ G.
Now, given such a G–family of quandles, we construct the Conj(G)–
bundle of racks (X, ⋆hg)g,h∈G by letting
x ⋆hg y := x ⊳
h y, x, y ∈ X, g, h ∈ G.
We shall also note that our definition of bundles of racks generalizes the
notion of Q–family of quandles (where Q is a quandle) defined in [5, p.819].
Indeed, by using the same construction as in the above example, one can
easily show that any Q–family of quandles defines a Q–bundle of racks
(quandles).
8. Rack representations
In this section we introduce first elements of representation theory for
abstract racks and quandles.
Definition 8.1. A representation of a rack X is a vector space V equipped
with a rack action of X such that for all x ∈ X, the induced map V ∋ v 7→
v · x ∈ V is an isomorphism of vector spaces. Equivalently, a representation
of X consists of a vector space V and a rack homomorphism
pi : X −→ Conj(GL(V));
i.e., pix⊳y = piypixpi
−1
y , ∀x, y ∈ X. The map pi will be denoted as pi
V where
there likely to be a confusion.
Example 8.2. Every representation (V, ρ) of a group G naturally defines
representation of the quandle Conj(G).
Let us give an example of rack representation analogous to the regular
representation in group theory.
Example 8.3. Let X be a finite rack and let CX be the vector space of complex
valued functions on X, seen as the space of formal sums f =
∑
x∈X axx, where
ax ∈ C, x ∈ X.
We construct the regular representation of the rack X
λ : X −→ Conj(GL(CX))
by λt(f)(x) := f(R
−1
t (x)), where as usual Rt is the right "translation" X ∋
y −→ y ⊳ t ∈ X.
Definition 8.4. Let V and W be representations of the rack X. A linear
map φ : V −→W is called X-linear if for each x ∈ X the following diagram
commutes
V
piVx
//
φ

V
φ

W
piWx
// W
14 MOHAMED ELHAMDADI AND EL-KAÏOUM M. MOUTUOU
If in addition φ is an isomorphism, the two representations V and W are
said to be equivalent, in which case φ is called an equivalence of rack repre-
sentations.
If V is a representation of the rack X, a subspace W ⊂ V is called a
subrepresentation if for all finite family {xi}i ⊆ X, W · (xi)i ⊆ W. We have
the following immediate observation.
Lemma 8.5. Let V and W be representations of the rack X and let φ :
V −→ W be a linear map. If φ is X-linear, then kerφ and Im φ are sub-
representations of V and of W, respectively.
Definition 8.6. A rack representation V of X is said to be irreducible if it
has no proper subrepresentation; i.e., if W is a subrepresention of V , then
either W = {0} or W = V .
9. Strong Representations
Definition 9.1. A strong representation of X is a representation V such
that the rack action is strong.
We denote by Reps(X) the set of equivalence classes of strong irreducible
finite dimensional representations of X.
One can check that as in the group case, Reps(X) is an abelian group
under tensor product of strong irreducible representations.
Remark 9.2. In view of Proposition 4.2, we notice that if G is an abelian
group, the only strong representation of Conj(G) is the trivial one.
Example 9.3. The regular representation (CX, λ) of a rack X defined in Ex-
ample 8.3 is clearly strong.
Example 9.4. Let (Z3, ⊳), with x ⊳ y = 2y − x, be the dihedral quandle.
Define ρ : Z3 −→ Conj(GL(C3)) as the rack representation induced by the
reflections on C3 = Span{e1, e2, e3}
ρ0 = (2 3), ρ1 = (1 3), and ρ2 = (1 2).
Then ρ is a strong representation of Z3 as a quandle, although it is clearly
not a group representation. Note, however, that this is a reducible rep-
resentation; indeed, the one-dimensional subspace spanned by (1, 1, 1) is a
subrepresentation.
Example 9.5. Suppose X is an involutive rack, that is, (x ⊳ y) ⊳ y = x for
all x, y ∈ X; which means each y ∈ X is a 2–stabilizer for X. Then every
pair (V, τ), where V is a vector space and τ : V −→ V is a linear involution,
gives rise to a strong representation τ˜ : X −→ Conj(GL(V)) by setting
τ˜x(v) = τ(v) for all x ∈ X, v ∈ V .
In fact we have the following.
Lemma 9.6. Let X be an involutive rack. The assignment (V, τ) 7−→ τ˜ de-
fines a covariant functor from the category Vinv, whose objects are pairs (V, τ)
of vector spaces equipped with involutions and whose morphisms are vector
space morphisms intertwining the involutions, to the category of strong rep-
resentations of X.
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Proposition 9.7. Suppose the rack X is finite, involutive, and connected;
that is, X has only one orbit. Then, the regular representation of X corre-
sponds to a conjugacy class of the symmetric group Sn where n = #X. More
generally, if X has k connected components, then the regular representation
corresponds to k conjugacy classes in Sn.
Proof. Since the representation λ : X −→ Conj(GL(CX)) is strong and X is
connected, the involutions λt : CX −→ CX are all equivalent, hence they
define a partition of the dimension n of CX. The result then follows from
the correspondence between partitions of n and conjugacy classes of the
symmetric group. 
Theorem 9.8. Let X be a finite rack. Then every irreducible strong repre-
sentation of X is either trivial or finite dimensional.
Proof. Let X be a finite rack of cardinality n and let (V, pi) be a nontrivial
irreducible strong representation of X. Then, since every element x ∈ X is
a k–stabilizer for X where k is a factor of n!, we have pin!x = idV for each
x ∈ X. Fix a non-zero vector v ∈ V and let Ev be the subspace
Span {v · (xi)
s
i=0 | s = 0, . . . , (n + 1)!, {xi}
s
i=1 ⊆ X}
of V , where we have used the convention that v · ∅ = v. Then Ev is a finite
dimensional complex vector space. Furthermore, Ev is invariant under the
rack X–action, thanks to Lemma 5.11 and to the fact that any sequence
of (n + 1)! elements in X has at least one element repeated at least n!
times. This means that Ev is a subrepresentation of V . Therefore, since V
is irreducible and Ev 6= {0}, we have V = Ev. 
We shall observe that the case of involutive racks the above result becomes
more precise with regard to the dimension of the irreducible representations.
Lemma 9.9. Suppose X is an involutive rack (finite or infinite). Every
irreducible strong representation of the form (V, τ˜) coming from the category
Vinv is one-dimensional.
Proof. Let V+ := {v ∈ V | τ(v) = v}. If V+ is a nonzero space, and v0 is a
nonzero vector in ∈ V+, then the subspace Span{v0} is clearly a subrepre-
sentation of V , hence V is one-dimensional. On the other hand, if V+ = {0},
then τ(v) = −v for all v ∈ V . Hence each nonzero vector v ∈ V spans a
subrepresention of V . Therefore, since V is irreducible, it spans V . 
Corollary 9.10. Let X be a connected involutive rack. If (V, pi) is a strong
irreducible representation satisfying the property that there exists an x0 ∈ X
such that Vx0+ = {v ∈ V | pix0(v) = v} = 0, then V is one-dimensional.
Proof. We write V = Vx0+ ⊕ V
x0
− where the second summand is the subspace
of V consisting of vectors v such that pix0(v) = −v. The assumption amounts
to saying pix0 = −1V . Now, since X is connected, every z ∈ X can be written
as z = x0 ⊳ y for some y ∈ X. Hence piz = piypix0piy, which means piz and pix0
are conjugate involutions on V . Therefore the representation(V, pi) comes
from a fixed involution as in the lemma. 
Theorem 9.11. Every irreducible strong representation of an involutive
connected finite rack X is one-dimensional.
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Proof. Write X = {x1, . . . , xn}. Let (V, pi) be a strong irreducible represen-
tation of X, and {e1, · · · , em} be a basis for V . As in the proof of Corol-
lary 9.10, since pix : V −→ V is an involution for each x ∈ X, there are sub-
spaces Vxi+ , i = 1, . . . , n of V with the property that for every i = 1, . . . , n,
pixi(v) = v,∀v ∈ V
xi
+ ; specifically, V
xi
+ is the eigenspace of pixi associated to
the eigenvalue 1. If one of the Vxi+ ’s is trivial, then so are all of the oth-
ers, and V is one-dimensional, thanks to Corollary 9.10. Suppose then that
Vxi+ 6= {0} for all i = 1, . . . , n. Let V+ :=
∑n
i=1 V
xi
+ be the subspace of V
spanned by
⋃
i V
xi
+ . Then V+ is invariant under the rack action by X. In-
deed, for all t ∈ X, the restriction map pit : V
xi
+ −→ Vxi⊳t+ is an isomorphism
of vector spaces. It follows that V+ is a subrepresentation of V . Therefore,
since V is irreducible and V+ 6= {0}, we have V = V+.
We thus have that ∩nk=1V
xk
+ 6= {0}. Indeed, since X is connected, we may
fix t1, . . . , tn−1 ∈ X such that xi+1 = xi ⊳ti, i = 1, . . . , n−1. Let ϕ : V −→ V
be the morphism of vector spaces given by
ϕ := id+pit1 + pit2pit1 + · · · + pitk−1 · · ·pit1 + · · · + pitn−1 · · ·pit1
Then for k = 1, . . . , n, we have
ϕ(Vxk+ ) = V
xk
+ + · · · + V
x1
+ + · · · + V
((x1⊳t2)⊳··· )⊳tn−1
+
which means that Vx1+ is in the intersection of all the spaces ϕ(V
xk
+ ); hence
∩kϕ(V
xk
+ ) 6= {0}.
Now, any non zero vector v0 ∈ ∩kV
xk
+ will be invariant under pi, therefore
it will span V . 
Corollary 9.12. If G is a finite group, then every nontrivial irreducible
strong representation of Core(G) has one dimension.
10. Rack characters and duality
In this section we give an analogue construction of the Pontryagin dual
for racks and quandles.
Definition 10.1. Let X be a rack. A character of X is a map φ on X with
values on the unitary group U(1) such that φ(x ⊳y) = φ(x); in other words,
φ is function from X to U(1) that is constant on the orbits of X. The set
of all characters of X, called the Pontryagin dual of X, will be denoted by
DqX.
Example 10.2. As in the finite group case, any representation of a finite rack
gives rise to a character of the rack. Indeed, suppose (V, pi) is a representation
of a finite rack X. One defines φpi : X −→ U(1) by φpi(x) := Tr(pix). Then
for all x, y ∈ X, we have φpi(x ⊳ y) = Tr(piypixpi
−1
y ) = Tr(x) = φpi(x).
We shall observe the following.
Lemma 10.3. For any rack X, DqX is an Abelian group under point-wise
product, with inverse given by the point-wise conjugate. Moreover
DqX ∼=
⊕
#orb(x)
U(1),
where for x ∈ X, orb(x) is the set of all z ∈ X such that z = x ⊳ y for some
y ∈ X.
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Theorem 10.4. If X is a finite involutive and connected rack, then there is
an isomorphism of Abelian groups Reps(X) ∼= DqX.
Proof. Since X is finite, involutive, and connected, then by Theorem 9.11, a
strong irreducible representation of X is but a character of X. Now, the map
(V, pi) 7−→ φpi from the collection of all strong irreducible representations of
X to DqX satisfies φpi1⊗pi1 = φpi1φpi2 and induces the desired isomorphism
of Abelian groups. 
Example 10.5. Since Z is abelian, the rack structure of Conj(Z) is trivial,
DqConj(Z) is the set of all sequences on U(1).
Example 10.6. Let Z4 be the dihedral quandle with two components {0, 2}
and {1, 3}. Then DqZ4 ∼= U(1) ⊕U(1).
Example 10.7. Let G be an Abelian group. Then, since Core(G) is a con-
nected quandle, we have
DqCore(G[
1
2
]) ∼= U(1).
More generally, we have the following for Alexander quandles.
Example 10.8. Let M be a Z[t, t−1]–module equipped with the Alexandle
quandle structure x ⊳t y := (x − y)t + y. Then DqM[
1
1−t ]
∼= U(1). In
particular, if E is a complex or real vector space equipped with the Alexander
quandle operation ξ ⊳ η = 12(ξ + η), then DqE = U(1).
Proposition 10.9. Let G be an Abelian group generated by a finite set of
cardinality n. Then
DqCore(G) ∼= U(1)
2n .
Proof. Indeed, for all k ∈ Z and all x ∈ G, we have
φ((2k + 1)x) = φ(−x ⊳ kx) = φ(−x), and φ(−x) = φ(x ⊳ 0) = φ(x).
Hence, φ((2k + 1)x) = φ((2k − 1)x) = φ(x) for all k ∈ Z and all x ∈ G.
Furthermore, φ(2kx) = φ(0 ⊳ kx) = φ(0),∀k ∈ Z. It follows that if G =<
S > ∪ < −S > and S = {s1, . . . , sn}, then one can check that every character
φ ∈ DqCore(G) is completely determined by its 2
n values
• φ(0), φ(s1), . . . , φ(sn);
• φ(s1 + s2), . . . , φ(s1 + sn), . . . , φ(sn−1 + sn);
• φ(s1 + s2 + s3), . . . , φ(s1 + s2 + sn);
• ...
• φ(s1 + s2 + . . . + sn).
in U(1). This gives a bijection between DqCore(G) and the set of all maps
from the power set of S to U(1). 
Example 10.10. Let Zce be Z equipped with the core structure m ⊳ n =
2n − m, m,n ∈ Z. Then DqZce = U(1) ⊕ U(1). In particular, every
character φ of Zce is completely determined by its two values φ(0) and
φ(1).
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